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Abstract

In the interaction point of the future electron-Ion collider eRHIC, the electron beam bunches are at
least one order of magnitude shorter than the proton beam bunches. With the introduction of a crossing
angle, the actual number of collisions resulting from the bunch collision gets reduced. Here we derive the
expression for the luminosity geometric reduction factor when the bunches of the two incoming beams are
not equal.

1 Introduction
The electron-Ion collider eRHIC will collide 275 GeV proton beams and 18 GeV electron beams during
high energy operations. Electron and proton bunches will have the same transverse dimensions, but differ-
ent longitudinal dimensions. For the no-cooling, high-divergence lattice, the rms bunch width (horizontal
dimension) will be 0.123 mm and the rms bunch height (vertical dimension) will be 0.016 mm. The rms
length (longitudinal dimension) of the proton bunches will be 70 mm, whereas the rms length of the elec-
tron bunches will be 5.8 mm [1]. The two incoming beams will collide in the horizontal plane with a 22
mrad crossing angle.

The introduction of such crossing angle will lead to a reduction of the luminosity due to the ineffective
overlapping of the encountering bunches. The luminosity reduction is a combination of a purely geometric
component (quantified by the so-called geometric reduction factor) and the impact of beam-beam effects.
The geometric reduction factor depends on the crossing angle and the bunch aspect ratio in the plane of
crossing, as the crossing angle increases the effective bunch size in the transverse dimension of the plane of
crossing [2]. The aspect ratio for the proton and electron bunches of eRHIC is 569 and 47, respectively [1].

Many publications (for example, Ref. [3, 4, 5, 6]) quote the geometry reduction factor for colliding beams
with identical size bunches. In all cases a global Piwinski angle is defined. Such global Piwinski angle
comprises the contribution of the two identical colliding bunches. However, the author of this paper could
not find the geometry reduction factor for collisions of bunches with different lengths. In this note an
individual Piwinski angle is defined for the bunches of each beam and the geometry reduction angle for
the collision of bunches with different lengths is provided.

2 Luminosity of two colliding bunches
Assume that the two colliding beams bunches with a Gaussian distribution. The luminosity L resulting
from the collision of two Gaussian bunches is given by the following expression [7]:

L = f0N1N2
cos (θ/2)

2π
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(1)

where f0 is the revolution frequency, Ni is the number of particles in bunch number i, θ is the crossing
angle and σj,i is the size of bunch number i in a given direction j = x, y, z.

The luminosity is maximal in case of head-on collisions (θ = 0):
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The luminosity reduction factor F due to the introduction of a crossing angle is just the ratio of the
luminosity for a given crossing angle over the luminosity for head-on collisions, defined as:

F =
L
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The crossing angle is typically very small, θ � 1. For example, θ is only 590 µm for HL-LHC and 22
mrad for eRHIC. Thus, one can use the approximation: tan (θ/2) ≈ (θ/2). In addition we also assume
that the bunches of the two incoming beams have the same transverse dimensions (like eRHIC), so one can
simplify: σj,1 = σj,2 = σy . With all these assumptions, the reduction factor takes the form:

F ' 1√
1 +

σ2
z,1

2σ2
y

(
θ
2

)2
+

σ2
z,2

2σ2
y

(
θ
2

)2 (4)

The Piwinski angle Φi for a given bunch is the aspect ratio of the bunch in the crossing plane times the
crossing angle held by the two incoming beams:

Φi =
σz,i
σy

(
θ

2

)
(5)

The expression of the luminosity reduction factor F is simplified when written as a function of the
Piwinski angle as follows:
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(6)

If the bunches of one beam are much longer than the bunches of the other beam (σz,1 � σz,2), then
the Piwinski angle of the beam with longer bunches will determine the value of the luminosity reduction
factor: F ≈

(
1 + 1

2
Φ2

1

)−1/2. This is the case for the future electron-ion collider eRHIC [1]. When the
bunches of the two colliding beams have the same length, σz,1 = σz,2 = σz , then Eq. (7) becomes the
familiar expression found in other literature:

F =
1√

1 + Φ2
(7)

where the Piwinski angle Φ is simply:

Φ =
σz
σy

(
θ

2

)
(8)

The Piwinski angle Φ is generally a small number, lower than unity (Φ � 1). In consequence, the
luminosity reduction factor F can be approximated using the Taylor expansion to: F ≈ 1− Φ2/2.

3 Future colliders: luminosity reduction due to crossing angle
The nominal collision parameters for HL-LHC and eRHIC are summarized in Table 1. The large luminosity
reduction factor in HL-LHC (30%) motivated the development of crab crossing system to reestablish head-
on collisions [8]. Crab crossing will also be implemented in eRHIC to reach a nominal luminosity of 1034

cm−2 s−1 [9].
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Table 1: Nominal collision parameters in future particle colliders

HL-LHC [10] eRHIC [1]
(proton, proton) (electron, proton)

Crossing angle θ 0.59 22 mrad
Bunch length σz (75.5, 75.5) (5.8, 70) mm
Bunch width σy (0.007, 0.007) (0.123, 0.123) mm
Piwinski angle Φi (3.18, 3.18) (0.52, 6.26) rad
Reduction factor F 0.30 0.22 %
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